We investigate constraints imposed by entanglement on gravity in the context of holography. First, by demanding that relative entropy is positive and using the Ryu-Takayanagi entropy functional, we find certain constraints at a nonlinear level for the dual gravity. Second, by considering Gauss-Bonnet gravity, we show that for a class of small perturbations around the vacuum state, the positivity of the two point function of the field theory stress tensor guarantees the positivity of the relative entropy. Further, if we impose that the entangling surface closes off smoothly in the bulk interior, we find restrictions on the coupling constant in Gauss-Bonnet gravity. We also give an example of an anisotropic excited state in an unstable phase with broken conformal invariance which leads to a negative relative entropy.
Introduction
In recent times, there has been a huge interest to see what quantum entanglement [1, 2, 3, 4, 5, 6, 7, 8, 9, 10] can teach us about gravity. Certain entanglement measures such as relative entropy [11] , which roughly speaking tells us how distinguishable two states are, need to be positive in a unitary theory. The positivity of this quantity was studied in holographic field theories with two derivative gravity duals in [12] -related work include [13] . In the context of quantum field theories with holographic dual gravity descriptions, one can ask what this inequality translates into. Furthermore, the Ryu-Takayanagi prescription [2] (and its extensions to more general gravity theories [14, 15, 16, 17, 18, 19] ) gives us a way to compute how the entangling surface extends into the bulk. For the vacuum state in a conformal field theory, one may expect that the surface closes off smoothly in the interior as can be checked by explicit calculations in Einstein gravity. By demanding a smooth surface in the bulk, we can try to see if a general theory of gravity gets constrained. These will be the main questions of interest in this paper.
Let us begin by discussing relative entropy. Relative entropy between two states ρ and σ is defined as S(ρ|σ) = tr (ρ log ρ) − tr (ρ log σ) .
As reviewed in appendix A, in quantum mechanics, this quantity is positive for a unitary theory. In [12] , relative entropy was discussed in the holographic context. The state σ was chosen to be the reduced density matrix for a spherical entangling surface. In this case, σ ≡ e −H /tr e −H with H being the modular hamiltonian. It can be easily shown that (see eg. [20, 12] )
where ∆H = H 1 − H 0 and ∆S = S(ρ) − S(σ) with S(ρ) = −tr ρ log ρ being the von Neumann entropy for ρ and is the entanglement entropy for a reduced density matrix ρ. Then the positivity of S(ρ|σ) would require, ∆H ≥ ∆S .
Now we can calculate the modular hamiltonian for the sphere [21] , from the formula,
Here T µν is the d-dimensional field theory stress tensor and 00 is the time-time component. We know how to compute T µν in holography. The Ryu-Takayanagi prescription (and known generalizations) gives us a way to compute ∆S. Thus we can check if and how the inequality ∆H ≥ ∆S is satisfied. In [12] , many examples were considered and in each case it was shown that this inequality is respected in Einstein gravity. If we consider a small excitation around the vacuum state then to linear order in the perturbation ∆H = ∆S. This can be shown to be equivalent with the linearized Einstein equations [22, 23] . This equality has been recently shown to hold for a general higher derivative theory of gravity [24] . It is thus very interesting to ask what constraints we get at the nonlinear order. We will address this question for the special case of a constant stress tensor for the case where the holographic entanglement entropy is given by the Ryu-Takayanagi prescription-in other words, we will ask if even at non-linear level we get Einstein gravity. We find that the constraints arising from relative entropy give us a larger class of models than just Einstein gravity. However, we show that there exists matter stress tensor for which the bulk null energy condition is violated everywhere except at the Einstein point. This in turn implies that relative entropy can continue to be positive although the bulk null energy condition is violated. In fact we can ask the question the other way round: are there examples where the relative entropy is negative but the bulk null energy condition still holds? We will give an example where this happens. Thus the connection between energy conditions and the positivity of relative entropy, which in some sense is reminiscent of the connection between energy conditions and the laws of thermodynamics, appears to be less direct than what one would have expected.
In order to get some intuition about what feature of gravity ensures the positivity of relative entropy, we extend the calculations in [12] to higher derivative theories. In particular we focus on Gauss-Bonnet gravity in 5 bulk dimensions [25, 26, 27] since in this context there is a derivation [16, 18] of the corresponding entropy functional [28, 14, 15] . We find that in all examples that we consider, the positivity of the two point function of the stress tensor guarantees that the relative entropy is positive. In particular we show this for a constant field theory stress tensor as well as for a disturbance that is far from the entangling surface.
The inequality for relative entropy can only be explicitly checked when the modular hamiltonian is known. Unfortunately, currently this is not known for cases when the entangling region is a cylinder or a slab. From explicit calculations in the context of Einstein gravity, it is known that the entangling surfaces for sphere, cylinder and the slab in the bulk corresponding to the vacuum state close off smoothly. The entangling surface equation gets modified in the presence of higher derivative corrections. The smoothness of the surface imposes constraints on the higher derivative coupling constants. For the slab, this question was addressed in [29] . We will extend this calculation to the other two cases and find bounds on the Gauss-Bonnet coupling constant. We will find that this simple criterion leads to somewhat weaker constraints on the coupling as compared to what arises from micro-causality considerations [30, 31] . However, quite curiously, the bounds are in good agreement with the a/c bounds [31] for a non-supersymmetric field theory. This paper is organized as follows. In section 2, we consider constraints arising from the positivity of relative entropy in a holographic set up where the entanglement entropy is given by the Ryu-Takayanagi entropy functional. These constraints arise at a quadratic order in a perturbation with a constant field theory stress tensor. In section 3, we turn to the study of relative entropy in Gauss-Bonnet holography. In section 4, we investigate the relative entropy for an anisotropic plasma which breaks conformal invariance. We find that the relative entropy in this case is negative and we suggest some possible explanations for this. In section 5, we derive constraints on the Gauss-Bonnet coupling by demanding that the entangling surface extending into the bulk closes off smoothly. We conclude with open problems in section 6. The appendices contain further calculations relevant for the rest of the paper. We will use capital latin letters to indicate bulk indices and greek letters to indicate boundary indices. Lower case latin letters will indicate an index pertaining to the co-dimension 2 entangling surface. Note added: The paper by Erdmenger et al [50] which appeared on the same day in the arXiv, deals with a related idea of looking for pathological surfaces in certain higher derivative theories of gravity.
Relative entropy considerations
In this section we will use the results in [12] to derive certain constraints at nonlinear order that arise due to the positivity of relative entropy. In Fefferman-Graham coordinates, the bulk metric can be written as
For Einstein gravity, the bulk equations of motion allow us to systematically solve for g µν as an expansion around the boundary z = 0 (see eg. [32] ). The idea here is to see what mileage we get if we do not know what the bulk theory is but we demand that the relative entropy calculated using the Ryu-Takayanagi entropy functional is positive. We want to calculate the quadratic correction to the entanglement entropy for the following form of boundary metric,
where a =
This form is consistent with Lorentz invariance for a constant T µν . We will treat T µν as a small perturbation to the vacuum. At linearized order, it has been shown in [22, 23, 24] Einstein equations arise from the condition ∆H = ∆S. We wish to investigate what happens at the next order. We will keep n 1 and n 2 arbitrary and derive constraints on them arising from the inequality ∆H ≥ ∆S.
Our analysis follows [12] very closely, the only change being that we will not specify n 1 and n 2 to be the Einstein values. Since at linear order (the argument will be reviewed in the next section) we have the equality ∆H = ∆S and since T 00 from the holographic calculation is just given by the coefficient of the z d term in the metric, the inequality implies ∆S ≤ 0 at quadratic order. Thus our task is to calculate ∆ (2) S, the quadratic correction to ∆S, as a function of n 1 , n 2 . The analysis below is valid for d > 2.
We start with the Ryu-Takayanagi prescription for calculating entanglement entropy in holography,
From Taylor expansion one can show that the quadratic correction to √ h is,
The induced metric is,
This is evaluated at the extremal surface z = z 0 + z 1 = √ R 2 − r 2 + z 1 . Hence, at 0-th order, the metric and its inverse are,
In ∆ (2) S, we get 3 kinds of second order contributions. To be systematic, we write,
where schematically, these are the (δg) 2 , z 1 δg and z 2 1 contributions respectively. To calculate the first term, we can set z 1 = 0. Then
This gives,
where
The last two terms in (11) are same as they appear in [12] . Quoting the result,
Plugging this and summing we get from eq. (11),
where unlike [12] 1 , the coefficients c 1 · · · c 7 are dependent on n 1 and n 2 ,
Now we integrate the expression (16) over the (d − 2)-sphere on the boundary. We use the trick,
where N is some normalization constant. For n = 1, N = 1/(d − 1); and for n = 2,
). The final result comes out in the form 2 ,
with
Now we must demand that ∆ (2) S ≤ 0. We can write ∆
dimensional vector with the independent components of T µν as its components. Then demanding that the eigenvalues of M are ≤ 0 will ensure ∆ (2) S ≤ 0. This leads to
We get the region indicated in fig.1 allowed by this set of inequalities. One interesting observation is that when d → ∞, then the allowed region becomes the interval 0 ≤ n 1 ≤ 1/2 with n 2 = 0 coinciding with the Einstein result. The area of the triangle is given by
Notice that the (extrapolated) Area d=2 is infinity. This makes sense since in d = 2 we expect constraints on only 2 eigenvalues (since T 2 and T 2 ij are no longer independent) which will give us an unbounded region. Further Area d→∞ → 0 which leads to a line interval for d → ∞ as shown in fig.1 .
At this stage, we have a wider class of theories that are allowed by the inequality than the Einstein theory. The other theories need extra matter in addition to Einstein gravity to support them. As such we could ask if the matter needed satisfies the null energy condition. ) is shown by the black dot. The region below the solid red line and above the dashed and dotted red lines are allowed by the null energy condition. By turning on a generic component of the stress tensor only the Einstein value is picked out. By switching off certain components of the stress tensor, various bands bounded by the solid, dashed and dotted lines are picked out.
As an example consider turning on a constant T 01 in d = 4. Then we find
with T bulk AB working to be
(35) Here δn 1 = n 1 −1/2 and δn 2 = n 2 +1/24. Using this we find that the null energy condition T bulk AB ζ A ζ B ≥ 0 leads to
T bulk 00
with T bulk 00
= 0. These simplify to n 1 ≤ 1/2 and n 2 ≥ −1/24. Thus the region in fig.1 that respects the null energy condition is smaller than that allowed by the positivity of relative entropy.
For a general constant stress tensor in general d we proceed as follows. We note that for a metric of the form in eq. (5), with g µν a function of z only, we have [33]
z∂ z g µν . Here denotes a quantity computed with g µν . Using these it is straightforward (but tedious) to compute (setting L = 1 for convenience, defining
aborbing the factors of a into T µν ; the raising and lowering of indices on T µν , S µν are done with η µν . Also we have used T µ µ = 0.)
Using these we find
Here δn 1 = n 1 − 1/2 and δn 2 = n 2 + 1/(8(d − 1)) i.e., the deviations from the Einstein values. Now we are in a position to ask if the matter supporting this bulk stress tensor satisfies the null energy conditions or not. First we note that T bulk 00
This leads to a definite sign for δn 1 if and only if (−T 2 00 + T 2 ij ) has a definite sign. But in general, there is no reason for this combination to have a definite sign. So we are led to suspect that for a generic stress tensor, δn 1 = 0. To confirm this suspicion let us look at T bulk zz + T bulk 00 .
As in the relative entropy analysis, we write the RHS as
sional vector whose non-zero independent components are the T 00 , T ij , T 0i 's. Then we demand that the eigenvalues of M are positive for the null energy condition to hold for a generic constant traceless stress tensor T µν . This yields
Only for δn 1 = δn 2 = 0 are these inequalities satisfied for d > 2. Thus the null energy condition picks out the Einstein value if we ask if for a generic constant stress tensor the O(T 2 ) terms are supported by matter. Of course as we saw for d = 4 we can turn on T 0i and set everything else to zero, there would be a region in the n 1 , n 2 parameter space where the null energy condition and the positivity of the relative entropy would hold (this corresponds to the region between the red and blue solid lines in fig.1 ). For the generic case, only the Einstein value is picked out. To emphasise, that the Einstein value was picked out for the generic case, relied only on the null energy condition analysis and did not rely on the positivity of the relative entropy. To summarize, we found that there exists a larger class of theories in the (n 1 , n 2 ) parameter space than just the Einstein theory. However, except at the Einstein point, we found that there always exists some matter stress tensor which violates the bulk null energy condition.
Relative entropy in Gauss-Bonnet holography
In this section we will calculate relative entropy for excited states in Gauss-Bonnet gravity. For definiteness, we will consider d = 4 or 5-dimensional bulk. We will follow the conventions in [26] . The total action is given by
The generalized Gibbons-Hawking term is given by [34] 
Here
The counterterm action I ct is needed for the cancellation of the power law divergences in I tot . For our case this works out to be [35, 36] (L and f ∞ are defined below)
whereR is the four dimensional Ricci scalar and
f ∞ λ and c 2 = 1 + 2f ∞ λ . The equations of motion are given by
AdS 5 given by
The dual CFT is characterized by the central charges c, a appearing in the trace anomaly [26, 8] :
The CFT stress tensor two point function is given by
where I is a function of x and the positivity of the two point function leads to c > 0. We will need the formula for the holographic stress tensor (see eg. [37] )
We also note that the GB coupling λ is bounded. Following [31] for the calculation of the three point correlation function of stress tensor one needs to compute a energy flux which comes form the insertion of ij T ij , where ij and T ij are the polarization tensor and stress tensor respectively. Demanding the positivity of this energy flux in the holographic set up we get the following three constraints and from those we obtain bounds on λ . These coincide with the bounds arising from micro-causality [30] .
Vector channel :
From this we get
This is the same as the condition 1
Linear order calculations
We are interested in considering the excited state to be a perturbative excitation of the ground state. At linear order in the perturbation ∆H = ∆S. Let us review the argument [12] why. Let ρ 0 be a reference state. Now let ρ(α) be a continuous family of states dependent on a parameter α that runs over all possible values. We choose the parametrization such that ρ(α = 0) = ρ 0 . Now relative entropy vanishes for two states that are equal. So we must have S(ρ(0)|ρ 0 ) = 0 and also S(ρ(α → ±)|ρ 0 ) → 0+ > 0 where is a small positive valued number denoting a small perturbation from the reference state ρ 0 . This means at α = 0 we must have, d(S(ρ(α)|ρ 0 ))/dα = 0. Or equivalently at the linear order of the perturbation ,
which follows from eq.(2). We can demonstrate this with a simple example 3 . Let ρ 0 to be the vacuum of the CFT 4 whose holographic dual is the empty AdS 5 ,
We choose ρ 1 to be the dual of a metric which is being perturbed around the empty AdS. Following [12] , we take the perturbation to be of the form,
To keep track of the perturbation we keep the components of T (n)
µν proportional to a small number . We compute the entanglement entropy from the Jacobson-Myers functional,
Here, h ab is the induced metric on the minimal surface and R and K are respectively the intrinsic ricci scalar and extrinsic curvature evaluated on that surface. To simplify notation, we will set L = 1 . The minimal surface equation is given by
which was derived in [16, 39] following [5] . For the spherical entangling surface in the unperturbed metric the following continues to be an exact solution
In the perturbed case, it changes to
However note that we obtained z 0 by extremization. Hence z 1 can only contribute to a quadratic order in and not at linear order. Thus at linear order we can set z 1 = 0. Using z = z 0 to compute (70) and then extracting the terms proportional to gives us ∆S. Now we can calculate the modular hamiltonian, from the formula in eq. (4), where T 00 is obtained in holography using eq.(65). Since T 00 = 0, for empty AdS, this directly gives ∆H. Now we will demonstrate the equality in eq.(67) by considering a special case (we have checked that this holds in the other examples considered below as well). Using Gauss-Bonnet eom, we can determine T µν to be a constant. Also note that to satisfy GB eom, we must have traceless and divergenceless conditions on
Consider an isotropic perturbation
Note that this satisfies the conditions in eq.(74). However the holographic dual tensor T µν is not same as T
µν . We compute it from eq.(65) as,
Now using (4) one gets
As discussed before, we can compute ∆S from (70) with z = √ R 2 − r 2 , and then take out the order coefficients. We obtain,
from which we calculate,
This demonstrates ∆H = ∆S for an isotropic perturbation.
Quadratic corrections
Now we turn to the more interesting case of quadratic corrections which lead to inequalities. We take the following form for the boundary metric,
where compared to eq.(6) we have absorbed a factor of a into the stress tensor. We need to fix the numbers n 1 and n 2 . By plugging into the GB equations of motion given by eq.(61), we find that
Solving the two equations and using the relation 1 − f ∞ + f 2 ∞ λ = 0 we get
These results match with the λ = 0 case given in [12] . Notice a curious fact. If we demanded that n 1 ≥ 0 and n 2 ≤ 0, or in other words even in GB gravity they have the same sign as in Einstein gravity then with c > 0, we would get
But these are nothing but the scalar and vector channel constraints in eq.(66)! These leads us to wonder if entanglement entropy knows about the causality constraints.
Constant T µν
The next step is to calculate the second order change in ∆S. For a general but constant stress tensor we can guess the following form of the second order correction of entropy from Lorentz invariance,
where T denotes the trace of the spatial part of the stress tensor T µν . The latin indices run from 1 to 3, and denote the spatial part of a tensor. They are raised with η ij . Our task is to identify the constants C i 's for a non-zero λ. The only condition on the stress tensor is that it is symmetric and traceless. To do the perturbative analysis we assume that the components of the stress tensor are proportional to a perturbative parameter . Also we have absorbed a parameter a in the stress tensor. The background metric will be changed in the quadratic order as given in (6) . Now, assume that the minimal surface
z 1 contributes at the quadratic order in the JM functional (70). So it is sufficient to consider only the first order fluctuation to the entangling surface. Next we expand the entropy functional upto quadratic order and then extract the terms proportional to 2 which gives the quadratic correction to the entropy.
We vary it with respect to z 1 . This gives us the equation of motion for z 1 . We find the solution and put it back to ∆ (2) S. Since it was shown that at linear order, ∆S = ∆H, at second order we must have ∆ (2) S > 0. We get the following equation for z 1 ,
with the solution,
Notice that the equation is the same as what appears in the Einstein case upto the overall factor of (1 − 2λf ∞ ). The Gibbons Hawking term doesn't contribute to the action when we put in the solution. Alternatively, we could have taken the action and integrated all terms involving z 1 (x)'s by part and cast it in the conventional form. The surface term resulting from this will cancel with the appropriate Gibbons-Hawking term. We have checked both approaches and have got the same result. Integrating the resulting action over the volume of the entangling region, we obtain the second order correction to the entropy,
C 1 , C 2 , C 3 are same as the Einstein values obtained in section 2. Note that this is just a factor of (1 − 2f ∞ λ) times what is obtained in the Einstein gravity. This can be cross-checked easily on a computer by suitably turning on various components of the stress tensor and identifying various tensor structures.
Now from the discussions in the previous sections, it is clear that this quantity has to be negative. The only constraint to ensure ∆ (2) S < 0 is
This is equivalent to saying the central charge c > 0 which also is the condition needed for the positivity of the two point function of the field theory stress tensor. The condition λ < 1/4 ensures that this holds. If this inequality on λ did not hold, the corresponding vacuum would have ghosts [26] .
Shockwave background
Up to this point we have only considered constant stress-tensor. It is interesting to ask if we get nontrivial constraints for T µν not constant. To explore a nontrivial case of non-constant T µν , consider the following 5 dimensional metric
where µ = 1, 2. The above metric solves the GB equation exactly, given that W (z, x 1 , x 2 ) satisfies the following differential equation,
with no constraint on f (t + x 3 ). If f = δ(t + x 3 ) then this is the shockwave metric considered for example in [31] to derive constraints on higher derivative gravity theories. We will set f = 1 and in a slight abuse of terminology continue to refer the metric as a shockwave. W (z, x 1 , x 2 ) is taken as
Here (x 1 , x 2 ) represent the point where the disturbance is peaked. Since in our calculations we perturb the background metric, we should choose x 1 and x 2 to be outside the entangling region. With this in mind we proceed with the second order calculation. Next we consider a shockwave disturbance localised just outside the entangling surface. We will set x 2 = 0 in (91). We start with the following metric which is obtained by expanding W around z = 0 and retaining the first two terms in the expansion,
The factors have been inserted to keep track of the order of the expansion and matches with the power appear in the denominator. If we write the entangling surface as z = z 0 + 3 z 1 then the quadratic terms in z 1 will involve 6 which is at a higher order than the second order term in the metric above.
Thus we expect to see an inequality ∆H > ∆S with the above metric setting z 1 = 0. We thus evaluate the entropy functional considering only the unperturbed entangling surface and expand it upto 4 and pick out the 4 term which gives the first leading order change in the relative entropy. The integrand is shown below,
Then we perform the integration over x 3 which goes from − √ R 2 − r 2 to √ R 2 − r 2 and x 1 = r cos(θ) , x 2 = r sin(θ) . Now after some algebraic manipulation we can write the integrand as,
where f 1 , f 2 , f 3 are some function of r and λ . Integral over θ goes from 0 to 2π and integral over r goes from 0 to R. We first perform the θ integral. To perform the θ integral we have used the following integral identity:
Finally we get,
where, a 2 = r 2 + x 2 2 and b = −2rx 2 . Next we perform the r integration. The leading contribution in ∆ (2) S comes form the lower limit of the r integral which is shown below.
where, f (x 2 ) is a negative valued function given by
, and plotted in fig.2 . To satisfy, ∆S ≤ ∆H we will get, 1 − 2f ∞ λ ≥ 0 or in other words c > 0. Note that in order for us to be able to expand in small z, the perturbation needs to be located far away from the entangling surface. This is because in the denominator in W we had
When we plug in z = z 0 , the maximum value for z is R and this happens when x 1 = x 2 = 0. Thus we will need R x 2 for the expansion to be valid. It will be interesting to see what happens as we move the perturbation closer and closer to the entangling surface. However this appears to be a very hard problem. 
Correction from additional operators
In this section we consider perturbed states in which certain additional operators acquire nontrivial vacuum expectation value. Our analysis will follow [12] . The holographic dual of these operators will involve additional massive fields in the bulk. We will show that even for such cases in Gauss-Bonnet gravity, the relation ∆H > ∆S will hold. Again we are in AdS 5 with the bulk action given by,
where we have added a massive scalar field which acts as a bulk dual of a scalar operator of dimension ∆. When m 2 = ∆(4 − ∆), the field φ behaves asymptotically as,
Now we can work out the stress tensor corresponding to this from the formula,
This will result in the following change to the boundary metric boundary metric,
where we must have,
in order to satisfy Gauss-Bonnet eom. The higher modes, namely σ (n) µν (n > 0) are composed of derivatives of σ (0) µν . As in [12] , we consider O to be slowly varying and, hence, neglect the higher modes. It is not necessary to find any correction to the entangling surface. There are two different perturbations, both in their first orders, and using the z 0 minimal surface to compute ∆S will suffice. The correction to entropy will have two parts,
The first part, ∆ T S comes from the holographic boundary stress tensor T µν , and its the same as what we calculated before for the linear order. The second part comes from the scalar field and is obtained by calculating the area functional with the metric of eq.(100).
Note that the result is independent of λ. Since the result is negative it seems the metric already knows of the positivity of relative entropy even for Gauss-Bonnet provided the unitarity bounds are respected.
Relative entropy for an anisotropic plasma
We now want to turn our attention to a holographic anisotropic plasma-there is going to be a surprise in store. We consider the holographic dual of the deformed N = 4 SYM where the deformation is generated by anisotropy along one spatial direction viz.
θ is the field generating anisotropy along the z direction. The holographic dual is the Einstein-dilatonaxion system given by
where φ is the dilaton and at the level of the solution is taken to be a function of the AdS radius only and χ is the axion dual to the gauge theory θ-term, responsible for inducing anisotropy, which is taken to be χ = ρx 3 . This model was proposed and studied in detail in [40] . The low anisotropy regime corresponding to ρ/T 1 in this model is unstable [40] . The metric equations are given by (L = 1)
where the bulk matter stress tensor is given as
The metric, φ and χ equations can be written as
The metric in the FG coordinates is given by
If we introduce a temperature, the modification to the metric will start at O(z 4 ). Further, the scalar field introduces a new scale which breaks scale invariance explicitly and the trace of the boundary stress tensor is now non-zero. It needs to be checked if the null energy condition is satisfied by the bulk stress tensor T M N given by eq.(107). Contracting the above with the null vectors ξ µ we have
Since the bulk scalar axion follows the profile
whereas the dilaton field φ depends on the radial coordinate. The NEC for the bulk stress tensor becomes by contracting with the null vectors T µν ξ µ ξ ν as
Thus we have explicitly verified that the bulk stress tensor satisfies the null energy condition. We now want to verify the calculation for the relative entropy in this low anisotropy regime. As mentioned before, the low anisotropy phase is thermodynamically unstable. We can thus try to see what happens to the relative entropy in such a phase. Also note that we are considering Einstein gravity for which the entropy functional is the Ryu-Takayanagi one. Further in the low anisotropy regime, we are interested in, since we are expanding γ µν upto O(z 2 ) (assuming a small entangling surface Rρ 1) and the stress tensor appears at O(z 4 ), we have ∆H = 0. Thus we only need to compute the change in the entanglement entropy. Furthermore, at leading order in ρ we expect to see an inequality and as such we do not need to evaluate the change in the entangling surface. Putting in the solution for the entangling surface f (
we have
The entanglement entropy then becomes
In spherical polar coordinates x 3 = r cos θ, x 1 = r sin θ sin φ, x 2 = r sin θ cos φ where (θ, φ) are spherical polar coordinates we have
Carrying out the (θ, φ, r) integrals we find (on reinstating L factors)
Here is a cutoff and r = R − (since → 0 corresponds to z → 0 it is related to the UV cutoff). The log-divergence is due to the breaking of conformal invariance by the excited state. However, notice that in the limit of → 0, the result leads to ∆ 1 S > 0 and hence the positivity of relative entropy is violated.
Since the positivity of relative entropy in quantum mechanics depends on unitarity (reviewed in appendix A), this leads to the following possible interpretations:
1. There are additional contributions which we are missing and they are required for the positivity of the relative entropy to hold in this case. One could speculate that there are additional saddle points of the bulk gravity theory which contribute to the entanglement entropy. It will be interesting to find out those saddle points and see if they "unitarize" the problem 5 .
2. Holographic relative entropy positivity needs further conditions than just bulk unitarity. It could be that the derivation of the positivity does not go through in any straightforward manner to quantum field theory.
3. In the low anisotropy regime, may be there is a loss of bulk unitarity that is not immediately apparent.
All possibilities need further investigation. Let us first briefly comment on the third possibility. Expanding the linearized equations near the boundary and upto linear order in ρ we have
where h M N , φ 1 and χ 1 are metric, φ and χ fluctuations respectively and i, j take values apart from x 3 . ∇ A is evaluated using the AdS 5 metric. Here
The coupling between the metric and χ fluctuation is of the form Hh + Lχ = 0, Hχ = 0. But this form is similar to what arises in the context of logarithmic conformal field theories which are non-unitary [42] . Thus one should check if there are log modes in the fluctuations. We can do this following [43] . According to the arguments in [43] log modes arise if the form of the equations is ( +a) 2 h µν = 0. Let us check what the form of the equations are when we decouple them. Using
5 This is very similar to the resolution of information loss paradox in case of eternal AdS Black Holes as formulated by Maldacena [41] . The exponentially small correlation as required by the unitarity arises form the periodically identified Euclidean AdS, although this is not the dominant contribution to the canonical ensemble.
6 Useful identities can be found for eg. in the appendices of [44] Neither of the four derivative linear operator is of the form ( + a) 2 and hence following the arguments in [43] there are no log modes so the dual field theory is not a log CFT. Naively it may appear that the propagator for say the φ field will look like 1/(
, and hence the theory is non-unitary. However, this is not true since in addition to the decoupled form of the equations above, the relations in eq.(119) still have to hold-any loss of unitarity would have shown up in the asymptotic fall offs in the field. Thus it appears that the other two possibilities become plausible.
In closing this section, we note that in [12] it was argued that the relative entropy should increase as the radius of the entangling surface increases. In our case since
) < 0 and hence this monotonicity would also appear violated.
Smoothness of entangling surface
In this section we will derive constraints on the GB coupling by demanding that the entangling surface for sphere, cylinder and the slab close off smoothly in the bulk. The slab case was considered before in [29] . At the onset note that treating the truncated GB gravity on its own leads to problems with entanglement entropy as was pointed out in [29] . In particular if we consider an entangling surface that topologically looks like M 2 × R, then the R term in the JM entropy functional becomes topological. Adding more handles to the entangling surface will allow us to lower the entanglement entropy arbitrarily if λ > 0. Since this particular sign of λ happens to arise in many consistent examples in string theory (see eg. [45] ), this hints at a problem in interpreting GB gravity on its own as a model for theories describing c = a-of course, there is no reason to suspect any inconsistencies if this is just the first perturbative correction in an infinite set of higher derivative corrections. We will not have anything to add to this observation. We will simply focus on what constraints arise on the GB coupling by demanding smoothness and compare the result with the causality/positive energy constraints in eq.(66). The general strategy we will adopt is the following. The entangling surface equation follows from eq.(71). Let us assume that the surface f (z) closes off at z = z h . Around this point, let us assume
We need to determine α and c i 's. At z = z h , f (z) → +∞ since the tangent to the surface will be perpendicular at that point. This means that α < 1 and c 0 > 0. Using these two conditions, we will find that λ will be bounded.
Cylinder
Consider the cylinder case first. In cylindrical coordinates, assume the required hypersurface to have the form r = f (z). From eq.(71), we get the following equation,
We take the trial solution eq.(120) and determine an appropriate α. We obtain α = 1/2, 3/2. We will drop the second solution since this will lead to a conical tip. Expanding the eom in powers of (z h − z) and setting the leading order term to 0, we get 4 roots of c 0 . We take the two positive ones,
With f ∞ = (1 − √ 1 − 4λ)/2λ, this puts some consraints on λ. Since the bottom sign vanishes in the λ → 0 limit, we will ignore this solution. For the other case, we have
The quantities inside the square root have to be positive to make the root real. If we look carefully we will find that 1 − 10f ∞ λ + 16f .
Sphere
The eom reads,
We get only α = 1/2 as a solution to the indicial equation. We get six roots of c 0 from the leading order of eom. Three of them are positive:
The positivity of the first root cannot give us any constraint on λ. The other two roots go to zero as λ goes to zero so we will ignore them.
Slab
We get α = 1/2, 1 which give non-zero c 0 . Arguing as before we will only consider α = 1/2. Here we get the following positive solution for c 0 :
Demanding this to be positive, we get
This agrees with [29] . Thus together with the constraints from the cylinder we have
We can recast this inequality as one for a/c where a, c are the Euler and Weyl anomaly coefficients respectively for a 4d CFT. This gives us
Quite curiously, the lower bound 1/3 is precisely what appears in non-supersymmetric theories [31, 46] , in particular for a free boson. The upper bound of 5/3 corresponds to a free theory with one boson and two vector fields. For a non-supersymmetric theory, the bound on a/c worked out 7 in [31] was 1/3 ≤ a/c ≤ 31/18. Just to point out in words, the 1/3 came from the cylinder calculation while the 5/3 came from the slab. The causality constraints on the other hand translates into 1/2 ≤ a/c ≤ 3/2. In [16, 18, 47] a different surface equation was proposed for GB gravity which differs from the above considerations at O(K 3 ) order. The constraints arising from this are analysed in the appendix. These constraints are weaker than what we found above. We compare the different bounds on λ in fig.3 . As is clear, the causality constraints are the tightest. Note however that the lower bound derived using the method in the appendix coincides with the vector channel constraint.
Discussion
In this paper we used holographic entanglement to constrain gravity in interesting ways. First, we started with the Ryu-Takayanagi entropy functional (which holds for Einstein gravity) and considered what constraints arise at nonlinear order on the metric by demanding that relative entropy is positive. At linearlized level, it is now known that for the spherical entangling surface ∆H = ∆S leads to linearized equations for any higher derivative theory of gravity [24] . We considered a constant field theory stress tensor. At the next order, we found interesting constraints on the terms allowed by the positivity of relative entropy. These were more general than what arises from Einstein gravity. We analysed energy conditions for matter that could support these additional theories. We showed that the additional theories could be supported by matter that violates the null energy condition. In other words, holographic relative entropy can be positive although the bulk null energy condition is violated. It is an important open problem to understand if this feature persists for a more general stress tensor. We also gave an example of a model which corresponds to an anisotropic plasma, where for small anisotropy, the relative entropy is negative. This occurred even though the bulk stress tensor satisfied the null energy condition. We gave some possible explanations for this. We will leave further investigations of similar models as an open problem. Second, we analysed the inequality in Gauss-Bonnet gravity for a given class of small perturbations around the vacuum state. We found that for all our examples, the positivity of the stress tensor two point function ascertained that this inequality was respected. On the bulk side this corresponds to metric fluctuations having positive energy. The simplicity of the final result does cry out for a simpler explanation for our findings. Although the intermediate integrals involved appeared very complicated, the final result was simply proportional to the Weyl anomaly c. It would be nice to find a simple explanation for this finding. It will be interesting to extend our analysis to other higher derivative theories like the quasi-topological gravity [48] where we expect the entropy functional to be simple. Some preliminary studies of the general four derivative theory has been made in appendix C. Another interesting open problem is to consider a disturbance close to the entangling surface. We were able to consider a disturbance that was localized far from the entangling surface and show that the relative entropy is positive. Whether the constraints change as one moves the disturbance closer to the entangling surface is an open problem.
Finally, we also considered other entangling surfaces and demanded that these close off smoothly in the bulk. In Gauss-Bonnet gravity, this led to the coupling being constrained. The spherical entangling surface did not lead to any constraints on the coupling while the cylindrical and slab entangling surfaces did. This leads to an interesting question. Suppose we knew how to extend the relative entropy results for the spherical entangling surface to other surfaces. Then the smoothness criteria above seems to constrain the coupling of the higher derivative interaction. This suggests that implicitly the relative entropy inequality knows about this. Since the positivity of relative entropy seems to rely only on the unitarity of the field theory, this raises the question if there is any conflict with unitarity if one is outside the allowed region for the coupling. It will be interesting to investigate this question since apriori there does not appear to be any such conflict in the dual gravity. It will also be interesting to find if there are other entangling surfaces which lead to a tighter bound and if the bounds are stronger than the causality constraints. 
A Positivity of relative entropy
Here we review the proof in quantum mechanics leading to the positivity of relative entropy. This can be found in Nielsen and Chuang's book listed in [11] . We define relative entropy as,
where ρ and σ are the density matrices of two different states. Now consider their orthonormal decomposition,
where |i and |j may not be the same set of eigenvectors. We can write,
In the second line we just inserted 1 = j |j j|, and in the last line we have used the notation P ij = i|j j|i . Note that we must have,
Till here, all that we have used is the unitarity of the theory. Now, ln x is a concave function; which means we must have,
It is easy to generalize this to,
The equality follows if for some p, we have t p = 1. Using this, and (134) we can write,
surface. This can be extended to the Gauss-Bonnet case [16] . We do the same analysis setting T tt = 0 to find f (z) as a series expansion around z = z h . Then we proceed in the similar way to get the bound on λ demanding the positivity of the coefficient of the leading term of f (z) . We do this analysis for the three cases mentioned below. The general surface equation is given by [16] K + λL
The equations from the JM functional and the above proposal differ at O(K 3 ), namely the O(K 3 ) terms are absent in the former.
Sphere: Setting T tt = 0 we get,
Putting
and solving order by order we get α = and c 0 = √ 2z h as before. We neglect the other root as it vanishes in λ = 0 limit. So this will not give any bound on λ .
Cylinder: In this case the eom reads f (z) 2 + 1 f (z) z(2f ∞ λ + 1)f (z) + f (z) (3 − 2f ∞ λ)f (z) 2 − 6f ∞ λ + 3 − 2f ∞ λz + z − zf (z) 4f ∞ λzf (z) + f (z) (2f ∞ λ + 1)f (z) 2 − 2f ∞ λ + 1 = 0 .
For this case we get two solutions as before. For α = 1 2 we get
We have only considered the root which is continuously connected to the Einstein case. From c 0 > 0 we get λ ≤ 5/36 ,
which is same as that of the condition a ≥ 0 . Here a is the Euler anomaly.
Rectangular strip: The eom is
From this we get α = . Demanding the positivity we finally obtain
This condition ensures c > 0 where c = 1 − 2f ∞ λ is the Weyl anomaly. From this we get the following bound on λ:
In terms of a, c, this translates into 0 ≤ a/c ≤ 2.
C Relative entropy for R 2 theory in shockwave background
In this section we want to sketch the calculation for the relative entropy in shockwave background for a general R 2 theory 8 where the disturbance is located very far away from the entangling surface. The action for this theory is shown below,
In this case, f ∞ satisfies 1 − f ∞ + 1 3 f 2 ∞ (λ 1 + 2λ 2 + 10λ 3 ) = 0. We start of with the shockwave metric as given in eq.(89) . We have explicitly checked that this is still a solution for the R 2 theory. Next we quote the area functional for this theory [17, 18, 19] ,
Here i denotes the two transverse directions to the co-dimension 2 surface z = f (x 1 , x 2 , x 3 ) and t = 0 and K i 's are the two extrinsic curvatures along these two directions pulled back to the surface and a, b are three dimensional indices. Then we proceed in the same way as before. We set z = z 0 = √ R 2 − r 2 . Also as before we set x 1 = 0 and without loss of any generality and we will expand the integrand around x 2 = ∞ . First we expand upto O( 3 ) which is the linearized term and hence should yield ∆H = ∆S.
The expression for ∆ (1) (1 + 2f ∞ (λ 1 − 2(λ 2 + 5λ 3 )) .
The λ i dependence has packaged into being proportional to c for the general theory [14] . Using the results of [24] (eq. (6.29) in that paper with the typo mentioned in footnote 4 taken into account), we find that ∆H = ∆S at this order as expected. Then we expand (148) 
Note that this is not proportional to c for this theory. Since for generic values of the couplings λ i , the bulk theory is non-unitary this may not be surprising. This may be indicative of the fact that rather than depending only on the two point function of the stress tensor, the higher point functions also contribute as in the second reference in [31] . The bulk theory will make sense as an effective theory where the couplings are small. In this circumstance, we can use field redefinitions to make the theory equivalent to Gauss-Bonnet with λ ∝ λ 1 . For the Gauss-Bonnet value λ 1 = λ 3 = λ , λ 3 = −4λ it reduces to,
which is proportional to c for the GB theory.
